Abstract. The weighted generalized inverses have several important applications in researching the singular matrices, regularization methods for ill-posed problems, optimization problems, and statistics problems. In this paper we establish some sufficient and necessary conditions for inverse order rule of weighted generalized inverse.
1. Introduction. The generalized inverse is an important tool for researching the singular matrix problems, ill-posed problems, optimization problems, and statistics problems. The inverse order rule for generalized inverse plays an important role in the theoretic research and numerical computations in the above areas (see [2] , [4] , [5] , [6] , [8] , [11] , [12] , [13] , [14] , [15] ). The purpose of this paper is to establish the inverse order rule of the weighted generalized inverse, which is met in our research of the weighted trust region approach for optimization problems [3] , [7] , [9] , [10] . In addition, the inverse order rule for weighted generalized inverse is also applied to the generalized least squares problem and the weighted perturbation theory of the singular matrix.
In general, the inverse order rule does not always hold. If A ∈ C m×n , B ∈ C n×l , the sufficient and necessary condition for inverse order rule is as follows. Lemma 1.1. The following conditions are equivalent: [2] , [5] , [6] .)
In this paper we generalize the above results to the case of the weighted generalized inverse.
Main results.
Notation. For convenience, we list some notation as follows: m×n . Also, let M and N be m × m and n × n positive definite Hermite matrices, respectively. Then there is a unique matrix G ∈ C n×m such that
where G is called weighted Moore-Penrose generalized inverse and written as G = A + M N .
Definition 2.2. Let M and N be m × m and n × n positive definite matrices, respectively. Given A ∈ C m×n , the weighted conjugate transpose matrix A # of A is defined as
Obviously, A # satisfies the following properties: if A, A 1 ∈ C m×n , B ∈ C n×l , then
Before giving the properties of weighted generalized inverse, we state one lemma which is proved in [2] and [5] . Lemma 2.3. A + M N satisfies the following properties:
. In the following, we establish some sufficient and necessary conditions for the inverse order rule of the weighted generalized inverse. Here we employ a brief proof instead of the original proof due to a referee's suggestion.
Theorem 2.4. Let A ∈ C m×n , B ∈ C n×l . Also, let M, N, L be m × m, n × n, and l × l positive definite Hermite matrices, respectively. Then
Proof. In view of Lemma 2.3, we have
if and only if
or, equivalently, if and only ifB
whereÃ := M (9) follows easily from the definition of (·)
# and the fact that M, N, and L are positive definite matrices. This completes the proof.
Corollary 2.5. Let A ∈ C m×n , B ∈ C n×l . Also, let M, N, L be m × m, n × n, and l × l positive definite Hermite matrices, respectively. Then
Proof. It is directly obtained from (5) and Lemma 2.3. Theorem 2.6. Let A ∈ C m×n , B ∈ C n×l . Also, let M, N, L be m × m, n × n, and l × l positive definite Hermite matrices. Then Proof. Similar to the proof of Theorem 2.4, we can also directly obtain this result from Lemmas 1.1 and 2.3.
